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Abstract
Let E/F be a CM extension of number fields, and L be a positive definite binary hermitian lattice over the
ring of integers of E. An element in F is called an exception of L if it is represented by every localization
of L but not by L itself. We show that if E/F and a positive integer k are given, then there are only
finitely many similarity classes of positive definite binary hermitian lattices with at most k exceptions. This
generalizes the corresponding finiteness result by Earnest and Khosravani [A.G. Earnest, A. Khosravani,
Representation of integers by positive definite binary hermitian lattices over imaginary quadratic fields,
J. Number Theory 62 (1997) 368–374, Theorem 2.2] for the case F = Q. We also prove that for a fixed
totally real field F of odd degree over Q, there are only finitely many CM extensions E/F for which there
exists a positive definite regular normal binary hermitian lattice over the ring of integers of E.
© 2006 Elsevier Inc. All rights reserved.
1. Introduction
Let E/F be a quadratic extension of number fields. Denote by O and o the ring of integers
in E and F , respectively. Let L be an O-lattice on a non-degenerate hermitian space endowed
with a hermitian form H with respect to the natural involution on E, which we denote by “–”.
An element a ∈ F is said to be represented by L if there exists x ∈ L such that H(x) = a. The
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the arithmetic theory of hermitian forms is the representation problem which asks for a complete
determination of the set H(L). The first step towards solving this problem is to determine the set
of elements in F that are represented by all localizations of L, and this local version of repre-
sentation problem is completely solved by Johnson [14] (in the non-split case) and Gerstein [10]
(in the split case). Therefore, it becomes essential to study the set E(L) which contains precisely
all the elements in F that are represented by L locally everywhere but not by L itself. The ele-
ments in E(L) are called the exceptions of L. When L is indefinite, it is known from Shimura’s
work [17] that E(L) is always empty when the rank of L exceeds 1. Therefore, we shall con-
centrate our discussion on positive definite hermitian lattices. Thus E/F is a CM extension, that
is, Eν/Fν ∼= C/R for all infinite primes ν of F , and the term lattice always refers to a positive
definite O-lattice.
A lattice L is called almost regular if E(L) is a finite set; regular if E(L) is empty. Universal
lattices, that is, lattices L of which H(L) is the set of totally positive integers in F are examples
of regular lattices. A theorem of Hsia and Prieto-Cox [11, Theorem 2.12] implies that L is almost
regular if the rank of L exceeds 2. However, not all positive binary hermitian lattices are almost
regular. For example, it is not hard to check that the exceptional set of the lattice corresponding
to the hermitian form xx + 13yy over Q(√−1 ) contains all integers of the form 3 · 22m, m 0.
Earnest and Khosravani [7, Theorem 2.2] showed that when E is an imaginary quadratic field
and L is a primitive binary lattice, the size of E(L) grows with the volume of L. A consequence
of their theorem is that if k is a fixed positive integer, then there exists a constant C, depending
only on E and k, such that δL  C whenever |E(L)| k, where δL is the positive generator of
the volume of L. In particular, there are only finitely many isometry classes of primitive binary
O-lattices with at most k exceptions. However, the analytic method employed in [7] does not
produce or lead to any effective estimates on the constant C.
In this paper, we will extend the above finiteness result of Earnest and Khosravani to binary
lattices over the ring of integers of an arbitrary CM field E. We shall adapt an arithmetic ap-
proach which is originated in the last chapter of Watson’s thesis [18]. There Watson obtained
the finiteness result for primitive positive definite regular ternary quadratic forms over Z by ex-
hibiting an explicit upper bound for the discriminant of those quadratic forms. This arithmetic
approach is also proven to be effective in obtaining finiteness results for quadratic forms satisfy-
ing various kinds of regularity conditions [1–3]; see [4] for a survey of these recent results.
The backbone of our approach is a set of transformations which are the hermitian analog of
the Watson transformations for quadratic Z-lattices. However, since the narrow class number
of F in general is not 1, extra care must be taken when applying these transformations. At the
same time, we can no longer “normalize” a hermitian lattice so that the norm ideal of the re-
sulting lattice is O. Instead one needs to consider the similarity class of a lattice, and our main
theorem (Theorem 5.4) states that if E/F and a positive integer k are given, then there are only
finitely many similarity classes of positive definite almost regular hermitian lattices with at most
k exceptions. The advantage of our approach is best illustrated in the proof of the main theorem
in which we detail a construction of explicit bounds for the norm of every prime power divisor of
the volume of some specifically chosen representative from each similarity class of those almost
regular lattices. The effectiveness of our method is further demonstrated in the last section where
explicit bounds will be given in the special case F = Q.
We will also prove in Theorem 5.5 that for a fixed totally real field F of odd degree over Q,
there are only finitely many CM extensions E/F for which there exists a positive definite regular
normal hermitian lattice over the ring of integers of E. When F = Q, we determine that E
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positive definite universal normal (which is the same as classic integral universal) binary lattices
in the case F = Q, the readers are referred to the work by Earnest and Khosravani [8] and
Iwabuchi [12].
2. Notations and preliminaries
Notations and terminology about quadratic or hermitian lattices are generally those from [13,
16,17]. In this section, we provide some additional notations that will remain in effect throughout
the paper.
The group of units in o is denoted by u. Let p be a prime spot of F . For the CM extension E/F ,
define the localizations Ep := E ⊗F Fp and Op := O ⊗o op. Similarly, for a non-degenerate
hermitian space (V ,H) over E, we put Vp := V ⊗E Ep. If L is a lattice on V , the localization
of L at p is the Op-lattice Lp := L ⊗O Op. A prime spot p of F is said to be ramified, split, or
inert if it behaves accordingly in the extension E/F . If p splits in E, then Ep = Fp × Fp with
Fp and op embedded diagonally. When p does not split in E, Ep is a quadratic field extension
of Fp.
For any set X of elements of F , the subset of totally positive elements of X will be denoted
by X+. When there is no risk of confusion, we will generally use the same notation p for a
non-archimedean prime spot, the associated prime ideal, and the maximal ideal of the ring op.
The norm function from F to Q is denoted by NF/Q. For any o-ideal a, the ideal NF/Q(a) has
a unique generator in Z+ which we also denote by NF/Q(a). If an O-ideal A is generated by an
o-ideal a, NF/Q(A) is defined to be NF/Q(a).
From each non-trivial narrow ideal class of F , we select a non-dyadic unramified prime ideal.
The existence of such a prime ideal is a consequence of ˇCebotarev’s density theorem of prime
ideals in a ray class of fractional ideals of F [15, p. 545]. Let T be the collection of these prime
ideals together with the whole ring o. This set T will be fixed throughout this paper.
Let L be a lattice on an n-dimensional non-degenerate hermitian space (V ,H) over E. There
exist vectors v1, . . . , vn in V and fractional O-ideals A1, . . . ,An such that L = A1v1 + · · · +
Anvn. The volume of L, denoted vL, is defined to be the fractional O-ideal
vL = (A1A1) · · · (AnAn)det
(
H(vi, vj )
)
.
Note that vL is generated by a unique fractional o-ideal.
The set of elements in F represented by the genus of L is denoted by H(gen(L)). Thus the
exceptional set E(L) is equal to H(gen(L))\H(L). Another lattice M is said to be similar to L if
L is isometric to M for some  ∈ F×. If  happens to be in u, then we call L and M congruent
and write L ∼ M . Similar and congruent Op-lattices are defined analogously. Similarity and
congruence are equivalence relations on the set of lattices, and two congruent lattices have the
same volume. It is clear that the size of the exceptional set of every lattice in a similarity class is
the same.
The norm of L, denoted nL, is the fractional O-ideal generated by H(L). The scale of L is
the fractional O-ideal sL generated by the set {H(x,y): x, y ∈ L}. It is clear that nL ⊆ sL. If
nL = sL, we call L normal; otherwise subnormal. All these definitions carry over to Op-lattices.
It is known that subnormal Op-lattices exist only when p is a ramified prime [10,13].
We shall assume throughout that L is integral in the sense that nL ⊆ O. For the convenience of
later discussion, we introduce nˆL as the fractional o-ideal generated by H(L). In general, there
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restrict most of the technical arguments to lattices L with nˆL ∈ T.
For j = 1, . . . , n, the j th minimum of L is defined to be the smallest positive integer μj with
the property that
dim
(
span
{
v ∈ L ∣∣NF/Q(H(v)) μj}) j.
The existence of linear independent vectors w1, . . . ,wn ∈ L such that NF/Q(H(wi)) = μj
can be established in the same way as in the case of quadratic Z-lattices; see [5, Lemma 2.2].
The following lemma, which is the hermitian analogue of [6, Lemma 1], is fundamental for
obtaining our finiteness results.
Lemma 2.1. Let L be a lattice of rank n with successive minima μ1, . . . ,μn. Then
NF/Q(vL) μ1 · · ·μn.
Proof. Let w1, . . . ,wn be vectors in L such that NF/Q(H(wi)) = μi . We first suppose that L
is a free lattice. Then vL is generated by an element δL ∈ o+. For every embedding σ :F → R,
applying the argument in the proof of [7, Proposition 1.1] yields
σ(δL) σ
(
n∏
i=1
H(wi)
)
.
Taking the product of these inequalities as σ runs through all the real embeddings of F then
produces
NF/Q(δL)
n∏
i=1
μi.
For the general case, let M be the free sublattice Ow1 + · · ·+Own of L. Note that M has the
same set of successive minima as L. Since vM ⊆ vL, we have NF/Q(vL)NF/Q(vM) and the
lemma follows immediately. 
Corollary 2.2. Suppose that a binary lattice L represents a and b, and that ab is not a norm
from E. Then NF/Q(vL)NF/Q(ab).
Proof. Let v,w be vectors in L such that H(v) = a and H(w) = b. Since ab is not a norm
from E, v and w are linearly independent over E. Therefore, NF/Q(vL)  μ1(L)μ2(L) 
NF/Q(ab). 
3. Watson’s transformations
The following definition is the hermitian analog of the Watson transformations for quadratic
Z-lattices. In below, a is always an ideal of o, and ap denotes the completion of a in Fp.
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Λa(L) =
{
x ∈ L: H(x + y) − H(y) ∈ a, for all y ∈ L}.
For any p, let Λa(Lp) = {x ∈ Lp: H(x + y) − H(y) ∈ ap for all y ∈ Lp}.
Note that the condition “H(x+y)−H(y) ∈ a” is equivalent to “H(x)+TE/F (H(x, y)) ∈ a,”
where TE/F is the trace function from E to F . The following basic properties of the Λa-
transformation can be verified in a straightforward manner.
Lemma 3.2. For any a, we have:
(a) Λa(L) is a sublattice of L and Λa(Lp) is a sublattice of Lp.
(b) Λa(Lp) = (Λa(L))p.
(c) Λa(Lp) = Lp whenever ordp(a) = 0.
(d) nˆΛa(L) ⊆ a and nˆΛa(Lp) ⊆ ap.
(e) If P is a prime of E which lies above p, then PL ⊆ Λp(L) and PLp ⊆ Λp(Lp).
(f) If N splits Lp and nˆN ⊆ p, then N ⊆ Λp(Lp).
(g) Λp(L) ⊆ {x ∈ L: H(x) ∈ p} and Λp(Lp) ⊆ {x ∈ Lp: H(x) ∈ p}.
For any a, there exists α ∈ F+ such that (α) nˆΛa(L) ∈ T. Let λa(L) be the lattice defined by
λa(L) = Λa(L)α.
Note that although λa(L) depends on the choice of α, different choices of α produce congru-
ent λa(L).
From now on, L is always a binary lattice and, unless stated otherwise, we always assume that
nˆL ∈ T.
Proposition 3.3. Let p be a non-split prime such that p 	= nˆL. Suppose that Lp is normal with
ordp(vL) > 0. Then
Λp(L) =
{
x ∈ L: H(x) ∈ p}.
Moreover, |E(λp(L))| |E(L)|.
Proof. For simplicity, let N denote the norm function from Ep to Fp, and p be a uniformizer
of Fp. Since Lp is normal, it has an orthogonal basis {e, f } such that H(e) = a and H(f ) = pib,
where a, b ∈ up and i  0 [14, Proposition 4.4]. By Lemma 3.2(c), it suffices to show that
Λp(Lp) =
{
x ∈ Lp: H(x) ∈ p
}
.
If x = αe + βf for some α,β ∈ Op, then H(x) = N(α)a + N(β)pib. Thus,
{
x ∈ Lp: H(x) ∈ p
}= Pe + Opf,
172 W.K. Chan, A. Rokicki / Journal of Number Theory 124 (2007) 167–180where P is the maximal ideal of Op. We claim that
Λp(L)p = Pe + Opf.
By virtue of Lemma 3.2(g), the above equality is a consequence of the inclusion Pe + Opf ⊆
Λp(L)p, which follows from Lemma 3.2(e) and (f).
For the second assertion, it suffices to show that E(Λp(L)) ⊆ E(L). Let a be an element in
E(Λp(L)). Then a ∈ H(gen(Λp(L))) and hence a ∈ H(gen(L)). If a were in H(L), then there
would have been a v ∈ L such that H(v) = a. Since a is represented by Λp(L)p, therefore a ∈ p,
and hence v ∈ Λp(L) by the first assertion. This shows that a is represented by Λp(L), which is
a contradiction. 
Corollary 3.4. Let p be a ramified prime. If Lp is normal and ordp(vL) > 0, then λp(L)p is
normal and ordp(vλp(L)) < ordp(vL).
Proof. Let p be a uniformizer of Fp which is also a norm from Ep. Suppose that Lp ∼= 〈a〉 ⊥
〈pib〉, where a, b ∈ up and i > 0. Then, by Proposition 3.3, Λp(L) ∼= 〈pa〉 ⊥ 〈pib〉. Since p /∈ T,
p is never equal to nˆλp(L). Hence
λp(L)p ∼ 〈a〉 ⊥
〈
pi−1b
〉
.
So, λp(L)p is normal and ordp(vλp(L)) < ordp(vL). 
Corollary 3.5. Let p be an inert prime such that p 	= nˆL. Suppose that ordp(vL) 2. Then
ordp
(
vλp(L)
)= {ordp(vL) − 2 if p 	= nˆλp(L);
ordp(vL) if p = nˆλp(L).
Proof. Let p be a uniformizer of Fp. Suppose that Lp ∼= 〈a〉 ⊥ 〈pib〉 for some a, b ∈ up and
i  2. It follows from the proof of Proposition 3.3 that
Λp(L)p ∼=
〈
p2a
〉⊥ 〈pib〉.
Then
λp(L)p ∼
{ 〈a〉 ⊥ 〈pi−2b〉 if p 	= nˆλp(L);
〈pa〉 ⊥ 〈pi−1b〉 otherwise. 
Corollary 3.6. Suppose that nˆL = q is inert and that ordq(vL) 4. Then
ordq
(
vλq2(L)
)= {ordq(vL) − 4 if nˆλq2(L) 	= q;
ordq(vL) − 2 otherwise.
Moreover, |E(λq2(L))| |E(L)|.
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Lq ∼= 〈qa〉 ⊥
〈
qj+1b
〉
,
where a, b ∈ uq and j  2. Then, as is in Proposition 3.3, one can show that
Λq2(L)q =
{
v ∈ Lq: H(v) ∈ q2
}∼= 〈q3a〉⊥ 〈qj+1b〉.
So, |E(λq2(L))| = |E(Λq2(L))| |E(L)|. Moreover,
λq2(L)q ∼
{
〈a〉 ⊥ 〈qj−2b〉 if nˆλq2(L) 	= q;
〈qa〉 ⊥ 〈qj−1b〉 otherwise.

4. Reducing the volume
We continue to assume that L is a binary lattice with nˆL ∈ T. Let M be another binary lattice
with nˆM ∈ T. We say that L and M are connected at a prime p if
Mp ∼
⎧⎪⎨
⎪⎩
L
p
p if p = nˆM 	= nˆL;
L
1/p
p if p = nˆL 	= nˆM;
Lp otherwise,
where p is a uniformizer of Fp.
Proposition 4.1. Let L, M and K be binary lattices. If L and M are connected at p and M
and K are connected at p, then L and K are connected at p.
Proof. This is proved by a case-by-case analysis. Suppose first that p = nˆK 	= nˆL. We divide
this case into three subcases:
(a) nˆM = nˆK : Here we have p = nˆK = nˆM and p = nˆM 	= nˆL. Therefore,
Kp ∼ Mp ∼ Lpp .
(b) nˆM = nˆL: In this subcase, we have p = nˆK 	= nˆM and p is neither nˆM nor nˆL. Thus,
Kp ∼ Mpp ∼ Lpp .
(c) nˆM is neither nˆK nor nˆL: This time we also have p = nˆK 	= nˆM , and p 	= nˆM or nˆL.
Consequently, Kp ∼ Lpp as is in subcase (b).
The other cases left are (i) p = nˆL 	= nˆK , (ii) p = nˆK = nˆL, and (iii) p is neither nˆK nor nˆL.
All of them can be verified in the same way as before. 
Lemma 4.2. If p  a, then λa(L) and L are connected at p.
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λa(L)p ∼
⎧⎪⎨
⎪⎩
L
p
p if p = nˆλa(L) 	= nˆL;
L
1/p
p if p = nˆL 	= nˆλa(L);
Lp otherwise.
The lemma follows immediately. 
Corollary 4.3. Let a1, . . . ,an be ideals of o. Suppose that p  ai for all i. If K is the lattice
obtained by applying λa1 , . . . , λan successively to L, then K and L are connected at p.
Proof. This is clear from Proposition 4.1 and Lemma 4.2. 
For the convenience of discussion, we say that L behaves well at a prime q if Lq represents
all elements in nˆLq. In particular, if L behaves well at q and q 	= nˆL, then Lq is universal, that is,
Lq represents all elements in oq. Denote by B(L) the set of primes at which L does not behave
well. Note that B(L) does not contain any split prime. Since Lq is universal whenever p  vL,
B(L) is a finite set.
Lemma 4.4. Suppose that q is an inert prime. Then:
(a) If q 	= nˆL and ordq(vL) 1, then L behaves well at q.
(b) If q = nˆL and ordq(vL) 3, then L behaves well at q.
Proof. Both statements can be deduced from [14, Theorem 4.4]. 
Lemma 4.5. Let q be a ramified prime.
(a) If q ∈ B(L), then Lq is normal.
(b) If ordq(vL) = 0, then L behaves well at q.
Proof. For (a), suppose that Lq were subnormal. Then Lq would be a binary modular lattice
with nLq = Oq [13], and Lq would have been universal already [14, Propositions 5.3 and 7.2].
Part (b) is a consequence of [14, Theorem 5.5 and Proposition 7.4]. 
Lemma 4.6. If L behaves well at p and p  a, then λa(L) also behaves well at p.
Proof. By Lemma 4.2, λa(L) and L are connected at p. The lemma then follows from a direct
verification. 
Proposition 4.7. Suppose that L has at most k exceptions. For any prime p, there exists a binary
lattice L[p] with at most k exceptions such that
(a) L[p] behaves well at all primes q 	= p;
(b) L[p] and L are connected at p;
(c) for any ramified prime q, Lq is normal if and only if L[p]q is normal.
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we apply λq2 . It follows from Corollaries 3.4–3.6 that we can continue to apply λq or λq2 in this
manner and yields an almost regular lattice M1 with
ordq(vM1)
{= 0 if q is ramified;
 1 (respectively 3) if q is inert and nˆM1 	= q (respectively nˆM1 = q).
Then M1 has the following properties:
(1) B(M1) ⊆ B(L) \ {q},
(2) |E(M1)| |E(L)|,
(3) M1 and L are connected at p.
The explanations for (1)–(3) are as follows. By Lemma 4.6, B(M1) ⊆ B(L). But Lemmas 4.4
and 4.5 imply that M1 behaves well at q. This proves (1). Corollaries 3.4–3.6 imply (2), and (3) is
a consequence of Corollary 4.3.
If B(M1) ⊂ {p}, then we can set L[p] := M1. Otherwise we repeat the above process at a
prime in B(M1) \ {p}. By continuing to do so we construct a finite sequence of lattices such that
all these lattices have at most k exceptions, and that the last one, denoted L[p], will behave well
at all primes not equal to p. By Corollary 4.3, L[p] and L are connected at p. Part (c) follows
from Corollary 3.4. 
Remark 4.8. Note that |ordp(vL[p])−ordp(vL)| 2. Moreover, if the narrow class group of F is
trivial, then ordp(vL[p]) = ordp(vL). Therefore, bounding ordp(vL[p]) is tantamount to bound-
ing ordp(vL).
Corollary 4.9. Suppose that L has at most k exceptions. There exists a binary lattice L˜ with at
most k exceptions such that
(a) L˜ behaves well at all primes, and
(b) Lq is normal if and only if L˜q is normal for any ramified prime q.
Proof. Let p be a prime outside T. Apply λp to the lattice L[p] successively until we reach a
lattice L˜ with ordp(vL˜) 1. This lattice L˜ clearly has all the desired properties. 
5. Bounding the volume
Let L be a binary lattice with nˆL ∈ T. The volume of L can be written as AB−1, where A, B
are relatively prime integral ideals of O. Since nLp = sLp whenever p is unramified [14], any
prime divisors of B is ramified. Let DE/F and dE/F (or simply D and d if no confusion arises)
be the different and the discriminant of the extension E/F , respectively.
Lemma 5.1. B divides D2.
Proof. Let p be a ramified prime. Since p /∈ T, nLp = Op. If Lp is normal, then Bp = Op.
Suppose that Lp is subnormal. Then Lp is a modular lattice, which implies that vLp = (sLp)2.
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P be the prime ideal of Op. Then −ordP(B) = ordP(vL) 2 ordP(sL)−2 ordP(D). 
Corollary 5.2. Suppose that L is a binary lattice with nˆL ∈ T.
(a) If p is unramified, then ordp(vL) 0.
(b) If p is ramified, then ordp(vL)  −ordp(d). In particular, ordp(vL)  −1 if p is a non-
dyadic ramified prime.
Proof. Part (a) is clear. For part (b), if p is a ramified prime and P is the prime lying above p,
then pO = P2. Therefore, ordp(vL)  −ordp(D2) = −ordP(D). Since NE/F (D) = d and
NE/F (P) = p, therefore ordp(vL)  −ordp(d). In the special case when p is non-dyadic, it
is known from [15, p. 199, Theorem (2.6)] that ordP(D) = 1 for quadratic extension. 
Let R be a set of ramified primes. Define
CR =
∏
p∈R
NF/Q
(
pordp(d)
)
.
Corollary 5.2 implies that if a binary lattice L with nˆL ∈ T is subnormal at the primes in R, then
NF/Q(vL) C−1R and CR NF/Q(d).
The remaining goal is to obtain an upper bound for NF/Q(vL) when L has at most k excep-
tions, where k is a fixed positive integer. We first select and fix some prime ideals and elements
of o with some specific properties:
(P1) For each n ∈ T, we fix a totally positive integer αn such that nh = (αn) for some integer
h 1.
(P2) For each ramified prime p, choose a totally positive integer 
p which is not a norm from Ep.
(P3) Choose two inert primes q1,q2 /∈ T such that for i = 1,2, ordqi (
p) = 0 for all ramified
primes p. We define two totally positive integers β1 and β2 as follows. Let i = 1 or 2. If
qi is trivial in the narrow class group of F , we take βi to be one of its totally positive
generators. Otherwise, let q′i be an unramified prime not in T such that qiq′i is trivial in the
narrow class group of F , and that ordq′i (
p) = 0 for all ramified primes p. We then take βi
to be a totally positive generator of qiq′i . We require that q1,q2,q′1 and q′2 are all distinct.
Note that β1 and β2 are not norms from E.
(P4) For each prime p ∈ T, let p′ be an unramified prime outside T ∪ {p,q1,q2,q′1,q′2} such that
pp′ is generated by a totally positive integer θp.
Proposition 5.3. Let L be a binary lattice with nˆL ∈ T which has at most k exceptions. For any p,
NF/Q(p
ordp(vL)) is bounded above by a constant depending only on k, E and F .
Proof. By Proposition 4.7 and Remark 4.8, we may assume that L behaves well at all primes not
equal to p. Suppose that L is subnormal at all the primes in a set of ramified primes R. Denote
nˆL by n, and let αn be the totally positive integer obtained from (P1).
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and L behaves well at all primes not equal to p, αn is represented by the genus of L. Thus
{αn,22αn, . . . , (k + 1)2αn} is a subset of H(gen(L)), and hence L represents i2αn for some
1 i  (k + 1). If p  β1, then L represents j2αnβ1 for some 1 j  (k + 1). Since β1 is not a
norm from E, therefore by Corollary 2.2,
NF/Q
(
pordp(vL)
)
 CRNF/Q(vL)CRNF/Q
(
(k + 1)4α2nβ1
)
. (5.1)
If p | β1, then p  β2 and we can argue as before to obtain
NF/Q
(
pordp(vL)
)
 CRNF/Q
(
(k + 1)4α2nβ2
)
. (5.2)
Now suppose that p is ramified. Therefore n 	= p. We may assume that Lp is normal. Note
that, although n 	= p, Lp may not represent all units in up. However, Lp must represent either
αn or αn
p, where 
p is from (P2). Similarly, Lp also represents either αnβ1 or αn
pβ1. Since
L behaves well at all other primes, L represents two elements, one of them is of the form i2αnt
where i ∈ {1, . . . , k + 1} and t ∈ {1, 
p}; and the other one is j2αnt ′β1 where j ∈ {1, . . . , k + 1}
and t ′ ∈ {1, 
p}. Since t t ′β is not a norm from E, therefore
NF/Q
(
pordp(vL)
)
CRNF/Q
(
(k + 1)4α2nt t ′β1
)
. (5.3)
Finally, suppose that n = p. Then Lp represents all uniformizers of Fp. Let θp be the totally
positive integer obtained from (P4), which is a uniformizer of Fp. Since Lq is universal when
q 	= p, θp,22θp, . . . , (k + 1)2θp are all represented by the genus of L. Hence L represents i2θp
for some 1 i  (k + 1). In addition, L also represents j2θpβ1 for some 1 j  (k + 1). As a
result,
NF/Q
(
pordp(vL)
)
 CRNF/Q
(
(k + 1)4θ2pβ1
)
.  (5.4)
As a corollary, we obtain the following finiteness result which generalizes [7, Theorem 2.2].
Theorem 5.4. Let k be a fixed positive integer, and E/F be a fixed CM extension. There are
only finitely many similarity classes of positive definite binary hermitian lattices with at most k
exceptions over the ring of integers of E.
For any lattice L, let L be the induced quadratic o-lattice. As a set, L is just L. The symmetric
bilinear form on L is defined by B(x, y) := TE/F (H(x, y)) for all x, y ∈ L. It is obvious that
a is represented by L if and only if 2a is represented by L. When L is binary, vL and vL are
related by
vL = NE/F (vL) · d2.
Theorem 5.5. Let F be a fixed totally real number field of odd degree over Q. There are only
finitely many CM extensions E/F for which there exists a positive definite regular normal binary
hermitian lattice over the ring of integers of E.
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may assume that n := nˆL is in T. By Corollary 4.9, we may further assume that L behaves well at
all primes. Therefore, L is a positive definite quaternary o-lattice which represents all the totally
positive integers in 2αno+, where αn is from (P1). By [8, Theorem 1], NF/Q(vL) is bounded
above by some constant c(F,αn) depending only on F and αn. Therefore,
NE/Q(vL)NF/Q(d)
2  c(F,αn).
Since L is normal, vL is an integral ideal of o. Thus
NF/Q(d)
2  c(F,αn)max
n∈T
c(F,αn), (5.5)
and hence there are only finitely many possibilities of E. 
6. Special case: F =Q
In this section, we specialize the results obtained in the previous section to the special case
F = Q. So, E is always an imaginary quadratic field Q(√−m), where m is a square-free positive
integer. As is expected, since the narrow class number of Q is 1, most of the results would be
improved and their proofs would be simpler. In below, L is always a binary lattice over the ring of
integers of E. We say that L is primitive if nˆL = Z. Every lattice is similar to a primitive lattice.
The symbols p and q always denote prime numbers in Z. Recall that dE/Q is the discriminant
(as a Z-ideal) of the extension E/Q. Let dE be the positive generator of dE/Q.
Lemma 6.1. Suppose that Lp is primitive and subnormal. If p > 2, then ordp(vL) = −1. If
p = 2, then ord2(vL) ∈ {−1,−2,−3}.
Proof. This is clear because ordp(dE) = 1 if p > 2, ord2(dE) = 2 or 3. 
We now execute the steps in the proof of Proposition 5.3 to establish explicit a priori bounds
for the prime power divisors of the volume of a primitive binary almost regular lattice.
Theorem 6.2. Let L be a primitive binary lattice with at most k exceptions. Suppose that L is
subnormal at the primes in a finite set R of ramified primes. Let q1 and q2 be two fixed inert
primes such that q2 > q1 > max{7, dE}.
(a) If p is unramified, then
pordp(vL) 
{
CR (k + 1)4q1 if p 	= q1;
CR (k + 1)4q2 if p = q1.
(b) If p is a ramified odd prime and p /∈ R, then
pordp(vL)  CR
(p + 1)2
4
(k + 1)4q1.
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2ord2(vL)  CR 49(k + 1)4q1.
Proof. The set T is the singleton set {Z}. In (P1), we take αZ to be 1. If p is odd, there must
be an integer 
p in the set {1, . . . , (p + 1)/2} which is a non-residue mod p. So, 
p is not a
norm from Ep when p is ramified. When 2 is a ramified prime, we can take 
2 from {1,3,5,7}.
Consequently, in (P2), we have

p 
{
p+1
2 if p > 2;
7 if p = 2.
The primes q1 and q2 stated in the theorem clearly satisfy the requirement in (P3). For i = 1,2,
we may simply choose βi to be qi itself. Since T does not contain any prime ideals, (P4) does
not apply here. The theorem now follows from (5.1)–(5.3). 
Remark 6.3. The upper bounds obtained in Theorem 6.2 are not necessary sharp; they can be
improved by going through (P1) to (P4) more carefully in individual cases. For example, in the
case when L is regular, L represents 1 and any vector in L representing 1 must be a maximal
vector. So, in Theorem 6.2(a), we could replace q1 by the smallest positive integer which is not
a norm from the ring of integers of E = Q(√−m). If m > 7, this integer is 2; hence when L is
regular,
pordp(vL)  2CR
if p is odd and unramified.
Suppose that L is a regular normal binary lattice over the ring of integers of Q(
√−m).
By [8], the discriminant of an even universal quaternary quadratic Z-lattice cannot exceed 4640.
Combining this with (5.5), we see that m  67. But this can be improved as follows.
The lattice L˜ obtained from Corollary 4.9 is universal. The work of Earnest and Khosra-
vani [9] and Iwabuchi [12] shows that a universal normal binary lattice exists only when m ∈
{1,2,3,5,6,7,10,11,15,19,23,31}. Therefore, Theorem 5.5 in this case can be improved to
Theorem 6.4. If there exists a positive definite regular normal binary hermitian lattice over the
ring of integers of Q(√−m), then
m ∈ {1,2,3,5,6,7,10,11,15,19,23,31}.
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